Considering tensor products of special commutative algebras and general real Clifford algebras, we arrive at extended Clifford algebras. We have found that there are five types of extended Clifford algebras. The class of extended Clifford algebras is closed with respect to the tensor product.
1 Clifford algebras Cℓ(p, q), commutative algebras K(r, s), and extended Clifford algebras Cℓ(r, s|p, q)
Tensor products of algebras Let A be a real algebra, which are the real vector space V with a product of elements A 1 , A 2 → A 1 · A 2 that satisfies the distributive condition. And let B be a real algebra, which are the real vector space W with a product of elements B 1 , B 2 → B 1 * B 2 that satisfies the distributive condition. A tensor product A ⊗ B of algebras A and B is the algebra, which is the tensor product V ⊗ W of vector spaces V and W with the operation of multiplication
Isomorphic real algebras. Real algebras A and B of the same dimension are called isomorphic if there exists a one-to-one correspondence (bijection) T : A → B such that
Clifford algebras Cℓ(p, q). Consider a real Clifford algebra Cℓ(p, q) of signature (p, q) with n generators n = p + q, n ≥ 1 (the construction of Clifford algebra is discussed in details in [5] ). Let e be the identity element and let e a , a = 1, . . . , n be generators of Clifford algebra Cℓ(p, q),
(e a ) 2 = e, for a = 1, . . . , p, −e, for a = p + 1, . . . , n,
where ω = 1. The dimension of the Clifford algebra Cℓ(p, q) (as a vector space) is equal to 2 n . Let us define Cℓ(0, 0) := R.
Commutative algebras K(p, q). If we take the above conditions (3) and (4) in the definition of the Clifford algebra Cℓ(p, q) and replace the identity ω = 1 by the identity ω = −1, then we arrive at the commutative algebra K(p, q)
of signature (p, q) with n generators n = p + q, n ≥ 1. The dimension of the algebra K(p, q) (as a vector space) is equal to 2 n . Also define K(0, 0) := R.
Tensor products of Clifford algebras. Let p 1 , . . . , p k ,q 1 , . . . , q k be nonnegative integer numbers and n j = p j + q j , j = 1, . . . k be natural numbers. And let m be the number of odd numbers in the set n 1 , . . . , n k . Consider the tensor product of Clifford algebras
The following propositions are consequences of Theorem 4 and Theorem 5 from [3]:
1. If m = 0 or m = 1, then there exists a nonnegative integer numbers p, q such that p + q = n = n 1 + . . . + n k and the tensor product (5) is isomorphic to the Clifford algebra Cℓ(p, q);
2. If m ≥ 2, then there exists a nonnegative integer numbers r, s, p, q such that r + s = m, p + q = n = n 1 + . . . + n k − m and the tensor product (5) is isomorphic to the tensor product
which can be considered as the Clifford algebra Cℓ(p, q) over the commutative algebra (ring) K(r, s).
Extended Clifford algebras. The above two propositions lead us to consider a class of extended Clifford algebras
where r, s, p, q -nonnegative integer numbers. Any algebra from this class is generated by a set of generators, which is the union of two sets -a set of commuting generators and a set of anticommuting generators. Generators from different sets are commute. As a result we arrive at a class of associative unital algebras dependent on four nonnegative integer numbers. The dimension of this algebra (as a vector space) is equal to 2 r+s+p+q . In particular, the class of extended Clifford algebras contains the class of Clifford algebras Cℓ(p, q), the class of complexified Clifford algebras C ⊗ Cℓ(p, q), and the class of hyperbolically complexified Clifford algebras (R ⊕ R) ⊗ Cℓ(p, q).
We see that the class of extended Clifford algebras is closed w.r.t. the tensor product, i.e., for any tensor product Cℓ(r 1 , s 1 |p 1 , q 1 
there exist four nonnegative integer numbers r, s, p, q such that r +s+p+q = k j=1 (r j +s j +p j +q j ) and the tensor product (7) is isomorphic to the extended Clifford algebra Cℓ(r, s|p, q).
Classification of extended Clifford algebras
Let M ≥ 1, N ≥ 0 be integer numbers. Consider five algebras each of which is a tensor product of Clifford algebras with one or two generators
where by Cℓ(p, q) M we denote the tensor product of M pieces of Clifford algebra Cℓ(p, q) and Cℓ(p, q) 0 := Cℓ(0, 0) ≃ R.
Algebras I-V depend on one (N) or two (M, N) nonnegative integer numbers. In the sequel we say about algebras of type I,II,III,IV,V.
Theorem 1 Suppose that r, s, p, q are nonnegative integer numbers and
] is the integer part of n/2 and σ(n) := n − 2[ n 2 ] = 0, for even n, 1, for odd n.
Then the extended Clifford algebra Cℓ(r, s|p, q) is isomorphic to one of tensor products of type I-V according to the table
Proof. For Clifford algebras Cℓ(p, q) we have the following Cartan's classification [3] :
for p − q = 4, 6 mod 8;
2 , for p − q = 5 mod 8.
(9) If r = s = 0 and t is even, then
That means Cℓ(0, 0|p, q) are of the type I for t = 0, 2 and of the type II for t = 4, 6.
If s = 0, r = m ≥ 1, then K(r, s) ≃ Cℓ(1, 0) m and from (9) we get
and
2 , for t = 5.
(10) That means each line at the right hand part of (10) is of the type IV,V,III,IV,V respectively. For t = 3, 7 we use the isomorphism Cℓ(
m . Using the isomorphism
we see that
N are of the type III for all t = 0, 1, 2, 3, 4, 5, 6, 7. This completes the proof.
Consequence 1. Suppose that we have two sets of four nonnegative integer numbers r, s, p, q andŕ,ś,ṕ,q such that r + s + p + q =ŕ +ś +ṕ +q. Denote
Extended Clifford algebras Cℓ(r, s|p, q) and Cℓ(ŕ,ś|ṕ,q) are isomorphic iffḾ = M,Ń = N and both extended Clifford algebras belong to the same type (I-V).
Consequence 2. For any fixed natural n all n + 1 complexified Clifford algebras C ⊗ Cℓ(p, q), p + q = n are isomorphic 2 .
Example. Let us consider the following question 3 : are there isomorphic algebras among the extended Clifford algebras Cℓ(3, 0|7, 15), Cℓ(4, 0|3, 18), Cℓ(5, 0|11, 9)?
We can immediately get the answer on the question. Let m i , n i , M i , N i , t i , i = 1, 2, 3 be the numbers defined for algebras (11) by formulas (8) m 1 = 3, n 1 = 22, M 1 = 3, N 1 = 11, t 1 = 0, m 2 = 4, n 2 = 21, M 2 = 5, N 2 = 10, t 2 = 1, m 3 = 5, n 3 = 20, M 3 = 5, N 3 = 10, t 3 = 2.
We see that M 2 = M 3 , N 2 = N 3 and both extended Clifford algebras Cℓ(4, 0|3, 18), Cℓ(5, 0|11, 9) belong to the same type IV. According to consequence 1 these algebras are isomorphic.
